Abstract. We investigate an initial boundary value problem for one dimensional parabolic equation in two disconnected intervals. A finite difference scheme for its solution is proposed and investigated. Convergence rate estimate compatible with the smoothness of input data is obtained.
Introduction
Interface problems occur in many applications in science and engineering. From the mathematical point of view, interface problems lead to partial differential equations whose input data and solutions have discontinuities across one or several hypersurfaces, which have lower dimension than the domain where the problem is defined. Various forms of conjugation conditions satisfied by the solution and its derivatives on the interface are known. The numerical methods designed for smooth solutions do not work efficiently for interface problems. Problems of this type we considered in [6, 7] There exists another similar type of problems whose solutions are defined in two (or more) disconnected domains. For example, such situation occurs when the solution in the intermediate region is known or can be determined from a simpler equation. Its effect can be modelled (see [2] ) by means of nonlocal jump conditions across the intermediate region (layer) .
In this paper we consider the following initial-boundary-value problem (IBVP): Find functions u 1 (x, t) and u 2 (x, t) that satisfy the parabolic equations
where −∞ < a 1 < b 1 < a 2 < b 2 < +∞, the internal conjugation conditions of Robin-Dirichlet type
the simplest external Dirichlet boundary conditions
and initial conditions
Throughout the paper we assume that the data satisfy the usual regularity and ellipticity conditions
We also assume that
Similar problem is investigated in [8] and a finite difference scheme (FDS) for its numerical solution is proposed. The convergence of FDS in the weak discrete norm (H
1,1/2
h,τ ) is proved. In this paper the properties of the strong solution of IBVP (1)-(6) are examined and the convergence of the corresponding FDS is proved in the strong discrete norm (H 2,1 h,τ ). To ensure the second order of convergence in the space step-size h a special approximation for x = b 1 and x = a 2 was needed.
By C we shall denote a positive generic constant, independent of the solution of IBVP and the mesh-sizes, which can take different values in different formulas.
The layout of the paper is as follows. Section 2 is devoted to the analysis of the existence and the uniqueness of the strong solution of IBVP (1)- (6) . In Section 3 we introduce a FDS approximating IBVP (1)-(6) and investigate its convergence. A convergence rate estimate compatible with the smoothness of input data is obtained.
Existence and uniqueness of the strong solution
Let the conditions (8) hold. We introduce the product space
endowed with the inner product and associated norm
We also define the spaces
endowed with the inner products and norms
In particular, we set
Finally, we define the bilinear form
Under the conditions (7) and (8) the bilinear form A, defined by (9) , is symmetric and bounded on
Let Ω be a domain in R n and u(t) a function mapping Ω into a Hilbert space H. In a standard manner (see [9] ) we define the Sobolev space of vector valued functions H k (Ω, H), endowed with the inner product
and with the usual modification for non-integer k.
Theorem 2.1. Let the assumptions (7) and (8) hold and u 0 = (u 10 , u 20 
2,1 and the following a priori estimate holds true
Proof. Existence and uniqueness of the weak solution of IBVP (1)- (6) is proved in [?, Theorems 2.1 and 3.1]. In such a way, it remains to prove that under our assumptions this solution is strong, i.e., satisfies the a priori estimate (10) .
Multiplying the equation (1) by ∂u 1 /∂t and integrating by parts, we obtain
and analogously 1 2
Multiplying the first of these inequalities by 2β 2 , the second by 2β 1 and summing up we get
t) .
Integrating this inequality on t ∈ (0, T ) and using Lemma 2.1 one obtains ∂u ∂t
where we denoted Au = (A 1 u 1 , A 2 u 2 ) and
after taking ε = c 0 /(2C) one obtains
Let us now estimate
Using Fourier sine and cosine expansions
are the corresponding Fourier coefficients) and the orthogonality of sines, we obtain
From this inequality, using Lemma 3.1 from [8] and the trace theorem for anisotropic Sobolev spaces [9] , one obtains
and analogously
Finally, for sufficiently small ε > 0, from (11)- (15) we get the a priori estimate (10).
Finite difference approximation
3.1. Meshes, finite differences and discrete norms. Letω 1,h1 be an uniform mesh inΩ 1 with the step-size
Analogously, inΩ 2 we define uniform meshω 2,h2 with the step-size h 2 = (b 2 −a 2 )/n 2 and its submeshes ω 2,h2 =ω 2,h2 ∩Ω 2 , ω v 2 ) where v i is mesh function defined onω i,hi ×ω τ , i = 1, 2. We define finite differences in the usual way [10] 
We also introduce the discrete inner products and norms
.
Finite difference scheme.
In this and subsequent sections we shall assume that u i belongs to
We approximate the equations (1) and (2) in the following manner:
To ensure the same order of approximation for x = b 1 and x = a 2 we set:
The Dirichlet boundary conditions (5) and initial conditions (6) can be satisfied exactly:
In each time level t = jτ FDS (16)-(21) reduces to a tridiagonal linear system with n 1 + n 2 unknowns. In such a way, FDS (16)-(21) is computationally efficient. From the general theory of difference schemes [10] it follows that FDS (16)-(21) is unconditionally stable. 
we immediately obtain 
